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REVERSES OF THE CONTINUOUS TRIANGLE INEQUALITY 
FOR BOCHNER INTEGRAL OF VECTOR- VALUED FUNCTIONS 

IN HILBERT SPACES 

SEVER S. DRAGOMIR 



Abstract. Some reverses of the continuous triangle inequality for Bochner 
integral of vector-valued functions in Hilbert spaces are given. Applications 
for complex-valued functions are provided as well. 
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1. Introduction 

Let / : [a, 6] ^ K, K = C or M be a Lebesgue integrable function. The following 
inequality, which is the continuous version of the triangle inequality 



(1.1) 



/ (x) dx 



< 



\f{x)\dx, 



plays a fundamental role in Mathematical Analysis and its applications. 

It appears, see |4| p. 492], that the first reverse inequality for ULlfl was obtained 
by J. Karamata in his book from 1949, |2|. It can be stated as 

(1.2) cos 61 / \f{x)\dx< / f{x)dx 

J a J a 

provided 

-e< arg/(x) <0, xe [a,b] 
for given 9 e (O, f ) . 

This integral inequality is the continuous version of a reverse inequality for the 
generalised triangle inequality 

(1.3) 

provided 

a — 9 < arg (zi) < a + 6 , for i E {1, . . . , n} , 
where a e M and 9 e (Oi f ) i which, as pointed out in 4, p. 492], was first 
discovered by M. Petrovich in 1917, j2|, and, subsequently rediscovered by other 
authors, including J. Karamata |21 p. 300 - 301], H.S. Will 6 , and in an equivalent 
form, by M. Marden [2j. 

The first to consider the problem in the more general case of Hilbert and Banach 
spaces, were J.B. Diaz and F.T. Metcalf jl] who showed that, in an inner product 
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space H over the real or complex number field, the following reverse of the triangle 
inequality holds 



(1.4) 
provided 



n 

>;ikdi< 


n 

2=1 



< r < 



Re (xi , a) 



e {!,..., 71} , 



and a £ H is a unit vector, i.e., ||a|| — 1. The case of equality holds in H1.4() if and 
only if 



(1.5) 



^Xj = r ^||x.,|| a. 



i=l 



The main aim of this paper is to point out some reverses of the triangle inequality 
for Bochner integrable functions / with values in Hilbert spaces and defined on a 
compact interval [a, b] C K. Applications for Lebesgue integrable complex-valued 
functions are provided as well. 



2. Reverses for a Unit Vector 

We recall that f £ L{[a,b]; H) , the space of Bochner integrable functions with 
values in a Hilbert space i?, if and only if / : [a, 6] — > i/ is Bochner measurable on 
[a, b] and the Lebesgue integral / ||/ (i)|| dt is finite. 

The following result holds: 

Theorem 1. If f £ L{[a,h]; H) is such that there exists a constant K > 1 and a 
vector e G iJ, ||e|| = 1 with 

(2.1) \\fit)\\<KRe{f{t),e) for a.e. t £ [a,b] , 

then we have the inequality: 



(2.2) 



\f{t)\\dt<K 



f{t)dt 



The case of equality holds in 1^2. S\) if and only if 



(2.3) 



/ (i) dt 



1 
K 



\f{t)\\dt\e. 



Proof. By the Schwarz inequality in inner product spaces, we have 



(2.4) 



/ (t) dt 



> 



>Re< 



f (t) dt 



f (t) dt, e 



> 



Re 



/ (t) dt, e 



f {t) dt, e 



Re (/ (t) , e) dt. 
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From the condition H2.1|l . on integrating over [a, b] , we deduce 

(2.5) 



J Re{f{t),e)dt>^J \\f{t)\\dt, 



and thus, on making use of H2.4|l and H2.5|l . we obtain the desired inequaUty H2.2|l . 
If (|2.3|l holds true, then, obviously 



K 



f{t)dt 



M f\\f{t)\\dt^ t\\f{t)\\dt, 



showing that (|2.2|) holds with equality. 

If we assume that the equality holds in l|2.2(l , then by the argument provided at 
the beginning of our proof, we must have equality in each of the inequalities from 
(E3|) and fT5|) . 

Observe that in Schwarz's inequality ||a;|| \\y\\ > Re(a;,j/) , x,y Cz H, the case 
of equality holds if and only if there exists a positive scalar fi such that x — ^e. 
Therefore, equality holds in the first inequality in H2.4|) iff J / (f) dt = Ae, with 
A>0 . 

If we assume that a strict inequality holds in 1)2.1(1 for a.e. t e [a, b] , then 

la 11/ (^)ll ^^ "^ ^ la ^^ ^/ (^) ' ^) ^*' ^^'^ ^y l|2.4(l we deduce a strict inequality in 
((2.2(1 . which contradicts the assumption. Thus, we must have ||/ (i)|| = KKe{f (t) , e) 
for a.e. t G [a, b] . 

If we integrate this equality, we deduce 

J \\f{t)\\dt^K j Re{fit),e)dt = KRen f{t)dt,e\ 

= KRe{Xe,e) ^ XK 
giving 

x = ^l'\\fmdt, 

and thus the equality 1(2.3(1 is necessary. 
This completes the proof. | 

A more appropriate result from an applications point of view is perhaps the 
following result. 

Corollary 1. Let e be a unit vector in the Hilbert space {H; (•, •)) , p G (0, 1) and 
f e L{[a,b] -,11) so that 

(2.6) \\fit)-e\\<p for a.e. te[a,b]. 

Then we have the inequality 



(2.7) 



yr 



\fmdt< 



with equality if and only if 

(2.8) 



/ (i) dt = Vl-P' 



f{t)dt 



\fmdt 
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Proof. From (|2.6(l . wc have 



giving 



for a.e. t £ fa, 61 



||/(i)ir-2Re(/(t),e) + l<p2 



||/(i)||' + l-p'<2Re(/(t),e) 



Dividing by •\/l — p^ > 0, we deduce 



(2.9) 



\fm 



v/r~^< 



2Re(/(t),e) 



for a.e. t G [a, b] . 

On the other hand, by the elementary inequahty 

P 

\- qa> 2^/pq, p,q>0, a > 



we have 
(2.10) 



2||/(t)ll< 



urn 



+ v/T^ 



for each i g [a,b] . 

Making use of H2.9|l and l|2.1()|l . we deduce 

11/ (t)|| <-=!== Re (/(i),e 



for a.e. t e [a, 6] . 

Applying Theorem ^ for K ~ , ^ , we deduce the desired inequality (12.71) . | 

In the same spirit, we also have the following corollary. 

Corollary 2. Let e be a unit vector in H and M > m > 0. If f Cz L ([a, b] ; H) is 
such that 

(2.11) Re{Me~ f(t),f{t)~me)>0 for a.e. t e [a,b] , 

or, equivalently, 



(2.12) ||/W-^e 

then we have the inequality 

(2.13) 

or, equivalently. 



< - (M - m) for a.e. t € [a, b] , 



2^Ar^M 
M + m 



\fmdt< 



f{t)dt 



(2.14) (0<) / \\f{t)\\dt 



< 



M + m 



f (t) dt 



f{t)dt 

The equality holds in Y2,.l!^) (or in the second part of {2.14^ ) if and only if 
(2.15) 



^ 2\^^ ' '•'' 



/ (i) dt 



M + m 



fmdt\e. 
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Proof. Firstly, we remark that if x, z, Z e H, then the following statements are 
equivalent 

(i) Re{Z ~x,x~ z)>0 
and 

(ii) ||a;-^|| < ^\\Z-z\\. 

Using this fact, we may simply realise that 1)2.9(1 and H2.1()|l are equivalent. 
Now, from (|2.9|) . we obtain 

\\f{t)f+mM< (Af + m) Re (/ (t) , e) 



for a.e. t e [a, b] . Dividing this inequality with \pmM > 0, we deduce the following 
inequality that will be used in the sequel 



(2M) 



VmM 



VmM 



for a.e. t G [a, b] . 
On the other hand 

(2.17) 



2|l/(i)||<^|^ + V;^, 



for any t £ [a, b] . 

Utilising (|2.1()|) and H2.17|l . we may conclude with the following inequality 

for a.e. t G [a, b] . 

Applying Theorem Q] for the constant K := 
result. I 



-M 



2VmM 



> 1, we deduce the desired 



3. Reverses for Orthornormal Families of Vectors 
The following result for orthornormal vectors in H holds. 

Theorem 2. Let {ei, . . . ,e„} be a family of orthornormal vectors in H, ki > 0, 
i € {1, . . . , n} and f € L ([a, b] ; H) such that 



(3.1) 



h\\fit)\\<Re(f{t),e,) 



for each i G {1, . . . , n} and for a.e. i G [a, b] . 
Then 



(3.2) 






2 rb 



\fmdt< 



f (t) dt 



where equality holds if and only if 

l-b 



(3.3) 



f{t)dt 



j\\f{t)\\dt\J2he, 
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Proof. By Bessel's inequality applied for / / (t) dt and the orthornormal vectors 
{ei, . . . ,e„} , we have 



(3.4) 



f{t)dt 


2 







/ {t) dt, Ei 



E 



Re / fit)dt,e. 



Re (/ (t) , e,) dt 



Integrating 1)3. l|l . we get for each i E {1, . . . ,n} 

ph pb 

0<h \\f{t)\\dt< / Re{f{t),e,)dt, 

'J a <J a 

implying 



(3.5) 



E 



Re (/ (i) , e,) dt 



> 



Ekf 



\fmdt 



On making use of 1)3. 4|l and l|3.5)l . we deduce 



/ (i) dt 



> 



E^n£ii/(ONij , 



which is clearly equivalent to 1)3.2(1 . 
If ()3.3)l holds true, then 



/(t)dt 



\fmdt 



ifmdt 



n 

)> [kid 




n 

\ ^ ;2 1 
> ,K\\^ 


3.f 



HE^^ 



l/WMi, 



showing that ()3.2I) holds with equality. 

Now, suppose that there is an ig G {1, . . . , Ji} for which 

k,,\\f{t)\\<Re{f{t),e,,) 

for a.e. t G [a, 6] . Then obviously 



r^i, 



and using the argument given above, we deduce 



E^»^ 



f{t)\\dt< / Re(/(i),e,„)dt, 



/ it) dt 



i=l 



\f{t)\\dt< 
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Therefore, if the equahty holds in (|3.2|l . we must have 

(3.6) h\\f{t)\\=Re{fit),e,) 

for each i G {1, . . . , n} and a.e. t G [a, b] . 

Also, if the equality holds in 1)3. 2|l . then we must have equality in all inequalities 
(13.4(1 . this means that 



J f{t)dt = Y,(j f{t)dt,eAei 



(3.7) 

and 

(3.8) ^™\ / / (*) c^*' e, \ = for each iG {!,..., n} 

Using l|^ and l|^ in (|X7|l . we deduce 



/b n / .b \ 

/(i)di-5I^°(y f{t)dt,eAe, 

4 = 1 "'" 

= E(/ Wfmdtjhe. 

n 

\f{t)\\dtJ2k^e^, 



i=l 
fb 



and the condition (|3.3|l is necessary. 
This completes the proof. | 

The following two corollaries are of interest. 

Corollary 3. Let {ei, . . . , e„} be a family of orthornormal vectors in H, p^ G (0, 1) , 
i £ {1, . . . , n} and f £ L {[a, b] ; H) such that: 

(3.9) 11/ (i) — Gill < Pi for ig {!,..., n} and a.e. t £ [a.b] . 

Then we have the inequality 



E' 



2 pb 



n- > p, 
\ i=i 
wJi/i equality if and only if 

rb 

f{t)dt = 



\fmdt< 



f\\fmdt(j2{^- 



f it) dt 



Pi) et 



Proof. From the proof of Theorem ^ we know that ((3.3|l implies the inequality 



7l-p?||/(t)|| < Re (/ (t) , e,) , ze{l,...,n}, for a.e. i G [a, 6] . 

Now, applying Theorem |21 for ki :— -yi^^pl, i £ {1, . . . ,n}, we deduce the desired 
result. I 
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Corollary 4. Let {ei,...,e„} be a family of orthornormal vectors in H, Mi > 
rrii > 0, z G {1, . . . , n} and f ^ L ([a, b] ; H) such that 

(3.10) Re (M,e, - f (t) , f {t) - m,e,) > 

or, equivalently, 



/ W n <=' 



< - {M, - m,) 



for i G {1, . . . , 7i} and a.e. t e [a, 5] . T/ien we have the reverse of the generalised 
triangle inequality 



E' 



-^ (m, + M,) 
wit/i equality if and only if 

l-b 

f (t) dt 



2 rb 



\im\dt< 



f{t)dt 



/b / n 

\\fmdtij2 



\2V^^^M 



-ei 



nii + Mi 
Proof. From the proof of Corollary |21 we know H3.1()|l implies that 



2y/rrHMi 

mi + M, 



||/(i)|| < Re(/(t) ,ei) , ie {!,..., n} and a.e. t e [a,b] . 



Now, applying Theorem |21 for ki := ^^"V^' , z G {1, . . . , n} , we deduce the desired 
result. I 



4. Applications for Complex- Valued Functions 

Let e = a + ip (a, /3 G M) be a complex number with the property that |e| = 1, 
i.e., a^ + /3^ = 1. 

The following proposition holds. 

Proposition 1. /// : [a, 6] — > C is a Lebesgue integrable function with the property 
that there exists a constant K > \ such that 

(4.1) \f{t)\<K[aRef{t)+pimf{t)] 

for a.e. t G [a, b] , where a, /3 G M, a^ -I-/3 =1 are given, then we have the following 
reverse of the continuous triangle inequality: 



(4.2) 



\f{t)\dt<K 



f{t)dt 



The case of equality holds in jlj.g)] if and only if 



1 



f{t)dt=-{a + i(3) j \f{t)\dt. 

The proof is obvious by Theorem ^ and we omit the details. 

Remark 1. If in the above Proposition^we choose a = 1, /3 = 0, then the condition 
i4-l^ for Re / (i) > is equivalent to 

[Ref{t)f + [Imf{t)f<K^Rcf{t)f 
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or with the inequality: 



Now, if we assume that 

(4.3) 

then, forRef{t) > 0, 



|Ini/(t)| 
Refit) 



< \/K^ - 1. 



|arg/(i)|<0, 0e(O, 



|tan [arg / (t)] \ = ^?^4^ < tan 0, 



Refit) 



and if we choose K — —^ > 1, then 



\/K'^ - 1 = tan ( 



id hy Proposition^ we deduce 



(4.4) 



COS0 / \fit)\dt< 



f{t)dt 



which is exactly the Karamata inequality J^l.^) from the Introduction. 

Obviously, the result from Proposition^ is more comprehensive since for other 
values of {a, (3) G 'S? with a^ + (3 = 1 we can get different sufficient conditions for 
the function / such that the inequality (|4.2|l holds true. 

A different sufficient condition in terms of complex disks is incorporated in the 
following proposition. 

Proposition 2. Let e = a + i(3 with a^ + /3 = 1, r G (0, 1) and f : [a,b] ^ C a 
Lebesgue integrable function such that 

(4.5) /(t) e L'(e,r) :={zeC| |z-e| <r} for a.e. t e [a,b] . 

Then we have the inequality 



(4.6) 



yr 



\nt)\dt< 



f (t) dt 



The case of equality holds in \4-())) if and only if 

i-b 

f (t) dt=Vl- r^ {a + id) / \f{t)\dt 



The proof follows by Corollary ^ and we omit the details. 
Finally, we may state the following proposition as well. 

Proposition 3. Let e — a + if3 with a^ + /3^ = 1 and M > m > 0. If f : [a, b] 
is such that 



(4.7) Re 

or, equivalently, 

(4.8) 



(Me - / (t)) [f (t) -me\ > for a.e. t G [a, b] 



f(.t) o ^ 



< - (M ~ m) for a.e. t £ [a, b] 
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then we have the inequality 

(4.9) 

or, equivalently, 



2VtoM 
M + m 



\f{t)\dt< 



(4.10) 



(0<) / \fit)\dt- 



f (t) dt 



< 



f{t)dt 



'M - Jm 



M + m 



f(t)dt 



The equality holds in {4-9}) (or in the second part of {4.10}) ) if and only if 



2y/mM 



f{t)dt^^-^{a + ^P) / \fit)\dt. 

The proof follows by Corollary |3 and we omit the details. 
Remark 2. Since 

Me - fit) = Ma - Re f{t)+i [M(3 - Im / (t)] 



/ [t) — me = Re / (i) — ma — i [Im / {t) — m[3] 



hence 
(4.11) 



Re 



(Me-/(i))(/(i)-mej 
= [Ma - Re / {t)] [Re / (t) - ma] + [M/? - Im / (i)] [Im / {t) - m(3] . 
It is obvious that, if 

(4.12) ma < Re / {t) < Ma for a.e. t£ [a, b] , 
and 

(4.13) mf3 < Im/ (t) < M(3 for a.e. t e [a, b] , 
then, by i4.11)) . 

Re {Me- f{t))(jjt)-me] >0 for a.e. t e [a,b] , 

and then either i4-^ or {4.1'^ hold true. 

We observe that the conditions (|4.12() and H4.13|l are very easy to verify in prac- 
tice and may be useful in various applications where reverses of the continuous 
triangle inequality are required. 

Remark 3. Similar results may be stated for functions f : [a, b] -^ R" or f : 
[a, b] — > H, with H particular instances of Hilbert spaces of significance in applica- 
tions, but we leave them to the interested reader. 
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